In this note we propose an overview on the current theoretical and experimental limits on a Higgs singlet extension of the Standard Model. We assume that the Boson which has recently been observed by the LHC experiments is the lightest Higgs Boson of such model, while for the second Higgs Boson we consider a mass range of 600 GeV ≤ m H ≤ 1 TeV, where our model directly corresponds to a benchmark scenario of the heavy Higgs working group. In this light, we study the impact of perturbative unitarity limits, renormalisation group equations analysis and experimental constraints (electroweak precision tests, measurements of the observed light Higgs coupling strength at the Large Hadron Collider). We show that, in the case of no additional hidden sector contributions, the largest constraints for higher Higgs masses stem from the assumption of perturbativity as well as vacuum stability for scales of the order of the SM metastability scale, and that the allowed mixing range is severely restricted. We discuss implications for current LHC searches in the singlet extension, especially the expected suppression factors for SM-like decays of the heavy Higgs.
I. INTRODUCTION
The recent discovery of a new particle [1, 2] which is in accordance with the scalar Boson from the Higgs mechanism [3] [4] [5] [6] [7] by the LHC experiments is one of the big breakthroughs in contemporary particle physics. If the discovered particle is indeed the Higgs Boson predicted from a SM-like Higgs-doublet sector, all its properties are completely determined by theory. Therefore, the current quest of the theoretical and experimental community is to establish whether the properties of such particle are in accordance with standard predictions, or it is only a component of a more involved Higgs sector. For this, all couplings as well as the spin structure of the new particle need to be severely tested.
In this work, we consider the simplest extension of the SM Higgs sector, i.e. we add an additional singlet which is neutral under all quantum numbers of the SM gauge groups [8, 9] and acquires a vacuum expectation value (VEV) [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] . We assume that the heavy Higgs mass lies in the range 600 GeV ≤ m H ≤ 1 TeV. While a second scalar state with a mass below 600
GeV equally constitutes a viable scenario, we here focus on heavier additional resonances, in direct correspondence to one of the benchmark models of the heavy Higgs cross-section working group [23] [24] [25] . This minimal setup can be interpreted as a limiting case for more generic BSM scenarios, as models with an additional gauge sectors (cf. e.g. [26] ) or additional matter content ( [27, 28] ). In our analysis, we combine the effects of several constraints: LHC bounds on the light Higgs signal strength, bounds from perturbative unitarity, electroweak (EW) parameters in terms of S,T, and U, and limits from perturbative running of the couplings. As a major result, we find that, for m H 700 GeV, especially the running of the couplings severely restricts the allowed parameter space of the model, leading to scaling factors in the percent range. In order to facilitate the comparison of our findings with results from the LHC experiments from searches in the heavy Higgs range, we express the bounds we obtain on the fundamental parameters of the theory in terms of a global suppression factor κ for SM-like channels as well as the total width Γ H of the heavy Higgs, and exhibit regions which are allowed in the κ, Γ plane. These can then directly related to LHC production cross sections at a 8 and 14 TeV LHC.
This paper is organized as follows: In Section II, we briefly review the model setup. Section III is devoted to the investigation of the allowed parameter space taking all constraints into account.
In Section IV, we comment on the impact of these limits on LHC observables. We summarize in Section V.
II. THE MODEL A. Potential and couplings
In this paragraph we will shortly review our model: we enlarge the SM Higgs sector with a further real Higgs singlet χ, which is pure singlet under each gauge group of the SM [8, 9, 29] .
The most general gauge-invariant and renormalisable scalar Lagrangian is then:
with the scalar potential given by
where x is the Vacuum Expectation Value VEV associated to the new Higgs field. We here implicitely impose a Z 2 symmetry which forbids additional terms in the potential.
To determine the condition for V (H, χ) to be bounded from below, it is sufficient to study its behaviour for large field values, controlled by the matrix in the first line of Eqn (2) . Requiring such a matrix to be positive-definite gives the conditions
where the condition given by Eqn. (4) corresponds to the requirement that the potential is bounded from below for large field values, while Eqn. (3) guarantees that the extremum is indeed a local minimum. 1 Since the physical mass eigenvalues are gauge invariant, we define the Higgs fields 1 We give the exact derivation of the resulting eigenstates and the derivation in Appendix A and here only cite the relevant results.
We here briefly discuss the behaviour of |µ | when x and sin α are varied: from Eqn. (12) , it is clear that 3 |µ | 2 (| sin α|) > |µ | 2 (− sin α). The difference is more pronounced as x is increased.
In addition, for a fixed value of sin α > 0(sin α < 0), |µ | decreases (increases) constantly for increasing x. These features will become important in the discussion of the experimental and theoretical constraints in the next sections.
The model investigated here implies a global suppression factor for all SM-like couplings for the light/ heavy resonance respectively, determined by the additional parameters of the Higgs sector. We briefly want to comment on this feature. For example, if the apparent enhancement in the h → γ γ decay channel of the light Higgs had persisted, it might have rendered further studies of the model futile, at least on the level of a leading order analysis. However, recent results for the measurement of this branching ratio are in good agreement (within 1.5 σ) with SM predictions [30, 31] . Therefore, as long as a relative overall light Higgs coupling strength µ 1 is not experimentally excluded, our model constitutes a viable extension of the SM Higgs sector.
B. Number of free parameters
Our simple singlet extension model has in principle 5 free parameters on the Lagrangian level
The coupling parameters λ i are related to the masses and the effective mixing according to Eqns.
(6), (7) , and (9), and we obtain the independent parameters
Moreover, we will reexpress x by tan β according to 
. We then have µ (sin α) = −µ (− sin α). If the terms ∼ O(x −1 ) cannot be neglected, they introduce a positive/ negative contribution to |µ | depending on the sign of sin α. three independent parameters m H , α, (x/ tan β). All results in the following sections will be given in dependence on these variables. In this work, we restrict the range of the Singlet VEV to x ∈ [100 GeV; 10 TeV], leading to tan β ∈ [0.025; 2.46].
III. THEORETICAL AND EXPERIMENTAL BOUNDS ON THE HIGGS SINGLET EX-

TENSION
In this section, we will discuss the current theoretical and experimental limits on the singlet extension model. We here consider:
• limits from perturbative unitarity,
• limits from EW precision data in form of the S, T, U parameters,
• perturbativity constraints on the couplings, as well as conditions on a potential which is bounded from below,
• limits from measurements of the light Higgs signal strength,
• limits from perturbativity of the couplings as well as vacuum stability up to a certain scale µ run , where we chose µ run ∼ 10 10 GeV, 10 19 GeV as benchmark points.
In this chapter, we will investigate the parameter space (sin α, tan β), while keeping m H fixed; however, in order to demonstrate the effects of the partial-wave treatment of perturbative unitarity, we will equally comment on the highest possible mass of the heavy Higgs m H,max in this parameter space, including exclusion bounds from electroweak precision data using m H,max . We discuss all limits separately in the following subsections.
A. Limits from perturbative unitarity
Tree-level perturbative unitarity [32, 33] puts a constraint the Higgs masses of our theory via a relation on the partial wave amplitudes a J (s) of all possible 2 → 2 scattering processes:
In the high energy limit, √ s → ∞, only the a 0 partial wave amplitude does not vanish, instead it approaches a value depending only on m h , m H , α and x. Therefore, by applying the condition in eq. (14), we can obtain several different (correlated) constraints on the Higgs masses and mixing angle, i.e., we can find the m h -m H -α subspace in which the perturbative unitarity of the theory is valid up to any energy scale. We therefore studied the unitarity constraints in our model by calculating tree-level amplitudes for all two-to-two processes 4 
B. Limits from electroweak precision data
Constraints from EW precision data are incorporated using the S, T, U parameters [36, 37] , which parametrize deviations from the SM predictions and thereby render constraints on new physics from higher order corrections stemming from BSM contributions.
We here follow [38] , which cites the values for the EW parameters as S = 0.00 ± 0.10, T = 0.02 ± 0.11, U = 0.03 ± 0.09 and equally used m h = 125 GeV as an input value for the calculation of the SM reference values where
As a cross check, we have compared results from our code with the values for S, T, U for all benchmark points specified in [29] , and found agreement with small variations on the 10 % level (we used 7 (m top , m h ) = (173.5, 150) GeV). To accomodate for this slight disagreement, we decreased the allowed regions for S, T, U to S = 0.00 ± 0.095, T = 0.02 ± 0.105, U = 0.03 ± 0.085 in our scans, and use as input variables [39] s Z = 0.2313, α s (M Z ) = 0.120, m t = 173 GeV.
We then use [40] 
with X ∈ [S, T, U ]. Note that this approach neglects suppression of the couplings in all but the leading order, and equally does not take the H h h couplings into account which can appear in higher order corrections including heavy Higgses running in the loops 8 . However, as we will argue below, EW precision data basically poses no constraint on the parameter space after all other restrictions have been taken into account. Of course, a more detailed analysis would be desireable here, and is in the line of future work. In our approximation, the constraints basically rule out values of | sin α| ≥ 0.5 − 0.7 depending on tan β, where the strongest constraints here come from the T -parameter. U does not pose any additional constraints.
This closes our discussion of scans using maximally allowed heavy Higgs masses from perturbative unitarity. We found that within our scan range the maximally allowed In the following, we will fix the Higgs mass to m H ∈ [600, GeV; 1 TeV], and equally include the measurement of the light Higgs signal strength |µ| as well as vacuum stability and perturbativity of the couplings up to a metastable scale/ the Planck scale. We will see that indeed these latter requirements are much more stringent than EW precision data and the light Higgs measurements and render severe constraints on the parameter space of our model.
C. Constraints from the signal strength of the light Higgs
If we want to accomodate for the light Higgs measurements [1, 2] , we need to take into account the limits on the maximally allowed value of | sin α| from the overall signal strength |µ|. In general, 8 See also [12] for a generic calculation with multiple scalar extensions of the SM. we have 9 arises here from perturbative unitarity, which sets an upper limit on tan β in both cases. This is 9 In fact, loop-induced couplings like the h → γγ branching ratio in principle call for a more refined treatment, cf. e.g. discussion in [21] . However, the corresponding corrections are generally on the sub-permill level, and can therefore safely be ignored in our simple limit-setting. For fitting procedures, on the other hand, such a more complex coupling structure needs to be taken into account. 10 Taking decays in the hidden sector into account additionally reduces the allowed mixing range. To understand this, consider the case that ΓSM = Γ hid ; in this case, the constraint is strengthened to cos 4 α ≥ 0.95, leading to sin α ≤ 0.17. The case in which Γ hid = 0 is therefore the best case scenario. 11 The official ATLAS fit for a 126 GeV Higgs are given by [1] generically due to a large λ 2 value in these regions of parameter space. In accordance with the behaviour of λ 2 ∼ m 2 H for fixed (sin α, tan β) values, we equally observe that the coupling gets larger for larger m H values, leading to a decrease in the upper limit of tan β. Most of the parameter space ruled out by perturbative unitarity would however be equally excluded by the requirement of perturbativity of λ 2 at the EW scale, as discussed below.
D. Limits from perturbativity and vacuum stability
We equally consider vacuum stability as well as perturbativity of the Higgs potential couplings up to a certain scale µ run . Vacuum stability follows from Eqn. (4), while perturbativity of the couplings leads to the requirement that
At the electroweak scale, we found that these conditions pose no additional constraints on the allowed parameter space of the model, when limits from the light Higgs signal strength and perturbative unitarity are taken into account. If we neglect perturbative unitarity limits, the upper allowed values of tan β following from perturbativity of the couplings alone are 2.05 (1.24) for m H = 600 GeV (1 TeV) (for sin α = 0) respectively, which slightly enhances the allowed tan β ranges. Before considering the running of the couplings, we can therefore say that
• perturbative unitarity alone indeed allows for heavy Higgses in the 30 TeV range
• the strongest constraints considered so far, when the experimental results for the light Higgs signal strength are taken into account, stem from perturbative unitarity.
We now discuss limits from perturbativity up to µ run , where we use the running parameter
such that t = 0 for µ run = v. We here impose the constraint given by Eqn. (3) at all energies. Note that in a strict sense this is not required for vacuum stability; for positive λ 3 values, fulfilling Eqn. (4) is sufficient, cf. e.g. the discussions in [43, 44] . However, as we require perturbative unitarity up to arbitrary high scales, we also demand that the process of electroweak symmetry breaking remains the same and that therefore the minimum of the potential is indeed positioned at the VEVs of the two fields; this approach has e.g. been followed in [26] . We will briefly comment on the effects of releasing such a condition on the collider observables in Section IV.
In the following discussion, we mostly focus on m H = 600 GeV, µ run = 2.7 × 10 10 GeV (t = 37), but will equally give results for m H = 1 TeV and µ run = 10 19 GeV. In the end of the discussion, we will comment on the generic changes for a higher Higgs mass or the requirement of perturbativity and vacuum stability at higher scales. For the sake of the argument, we will temporarily neglect the measurement of the light Higgs signal strength and consider mixing angles | sin α| ≤ 0.49 in the discussion of RGE running effects at the low scale, in order to exemplify the generic effects on the parameter space. The signal strength measurement will however be included again in the discussion of collider observables in Section IV.
The renormalization group equations for this model are given by [26, 29] 
where y t is the (equally running) top Yukawa-coupling and g, g 1 are the running couplings of the SM gauge groups. For the decoupling case as well as for cross check for the running of the gauge couplings, for which we chose the analytic solution at one loop, we reproduced the results in [45] , where the SM breakdown scale following the one-loop treatment here was at t = 36 corresponding to a scale µ run ∼ 1.6 × 10 10 GeV. By choosing a benchmark value of µ run = 2.7 × 10 10 GeV (t = 37), we are able to investigate which regions of parameter space are still allowed at a scale which slightly exceeds the SM breakdown scale; in this sense, our model can solve (or at least postpone) the metastability problem of the SM. Even with such stringent constraints, substantially large regions of parameter space are still allowed. In addition, the requirement of vacuum minimization at such scales complies with the requirement of perturbative unitarity for √ s → ∞.
We found that the strongest constraints from a phenomenological viewpoint, i.e. upper limits on the allowed mixing angle, actually stem from perturbativity of Higgs self-couplings λ 1 , λ 2 ; for µ run = 2.7 × 10 10 GeV (t = 37) and low m H , we found the requirement that | sin α| 0.3. This poses a much stronger constraint than electroweak precision tests. In the following, we discuss limits from perturbativity as well as vacuum stability in more detail:
• Perturbativity of λ 1 and upper limit on | sin α|
The strongest constraint on large mixing angles stems from the running of λ 1 . For tan β 0.1 and large mixing angles • Perturbativity of λ 2 and upper limit on tan β
For tan β 0.36, the most dominant constraint comes from the running of λ 2 in almost all regions of parameter space 12 . Generically, a good estimate of the limits can be obtained by considering the zero-mixing case and tan β 1: we then have
In this case, it is easy to estimate the maximal value of tan β allowed such that λ 2 = 4 π.
The corresponding β-function can be reduced to
which has the solution
As λ 2 (t = 0) ∼ . These values agree with our numerical findings. 12 In the region where | sin α| 0.26, λ3 running sets in as well, cf. discussion below.
• Perturbativity of λ 3 and restriction in the large tan β/ large sin α region
In a small region for tan β ∼ 0.4 and large positive mixings,
which corresponds to the transition between λ 1 and λ 2 dominance. In this region, all couplings evolve similarly fast up to high scales. As an example, we show the running of all
Higgs sector as well as the top Yukawa coupling for a point in this part of parameter space in Figure 3 .
• First vacuum stability condition (λ 1 ≥ 0) and minimal mixing angle | sin α|
For small (or 0) mixings, this is the well-known metastability problem of the SM Higgs 13 with a low mass of 125 GeV. In our scan, the couplings becomes negative at a scale t = 36, which corresponds to roughly µ run ∼ 1.6 × 10 10 GeV. For small mixing angles | sin α| 0.001, the problem persists. There is no significant change from this limit for raising the Higgs mass to 1 TeV 14 .
• Third vaccum stability condition (4 λ 1 λ 2 ≥ λ 2 3 ) and minimal mixing angle | sin α| Higgs mass of 1 TeV, this region is decreased to 0.02. Increasing sin α, the transition into the allowed region comes from an enhanced value of λ 1 at the low scale; in this case, the limiting value is again the perturbativity of λ 1 . Note that in parts of the parameter space λ 2 , λ 3 only change marginally; in this case, there is a very fine interplay between the rise of the absolute values of λ 2 , λ 3 and the rapid decrease of λ 1 , so including additional orders in the running might change these bounds, leading to a larger allowed region. An example for such a "slow-running" point is given in Figure 3 . If we want to prevent this fine-tuning over large scales, we could e.g. allow for slightly negative values of 4 λ 1 λ 2 − λ 2 3 ; opening up the condition such that 4 λ 1 λ 2 − λ 2 3 ≥ −0.001 leads to (sin α) min ∼ 0.015 (0.01) for 13 See [46] for a generic introduction, and [45] for recent work. 14 We want to mention that larger heavy Higgs masses allow for λ1 ≥ 0 for running up to arbitrary scales, cf. e.g. [43, 47] . However, the mass of the second Higgs Boson is typically much above the LHC reach in the according setup. We thank O. Lebedev for useful discussions regarding this point. a 600 GeV (1 TeV) Higgs mass. In priniciple, this area of parameter space would need a more detailed investigation. However, this region is phenomenologically difficult test, and the most important limits are indeed the ones from perturbativity on the maximal allowed mixing, so we will not investigate this in more detail in this work.
Summary of RGE effects
In this subsection, we will first summarize the results for a 600 GeV Higgs at a running scale corresponding to µ run = 2.7 × 10 10 GeV (t = 37) and then discuss variations of the heavy Higgs mass and consequences when going to a higher scale. In Figure 4 , we show the allowed parameter space for 600 GeV Higgs mass both at the low (µ run = 2.7 × 10 10 GeV, t = 37) and the Planck scale. As discussed above, the largest constraints on large mixing angles are given by running of λ 1 and λ 2 for low/ high tan β regions respectively, while generally tan β 0.37 (0.26) is excluded by • Raising the heavy Higgs mass while keeping the scale fixed leads to a reduction of the maximal allowed mixing angle, which stems from the perturbativity of λ 1 , as well as a decrease of the allowed maximal value of tan β from perturbativity of λ 2 . However, on the other hand smaller mixings are still allowed. This is due to a larger λ 2 value at the EW scale, which prevents a fast decrease of 4 λ 1 λ 2 : this equally holds for larger λ 3 . Even for negative β λ 1 function values at low scales, the growth of λ 2 , λ 3 can prevent λ 1 from becoming negative 15 .
In general, the allowed region shrinks and equally moves to smaller mixing angles and tan β values. The effects are displayed in Figure 5 , where we compare the allowed parameter space at the Planck scale for a 600 GeV as well as 1 TeV heavy Higgs mass.
• Raising the scale while keeping the Higgs mass fixed has similar effects: the maximal allowed mixing angle area is further restricted; generally, the allowed region is shrinking and moving In Figures 6 and 7 , we present the results of our scans including all limits in terms of contour plots for the allowed areas at µ run = 2.7 × 10 10 GeV as well as the Planck scale for m H = 600, 700, 800, 900, 1000 GeV, with numerical values summarized in Tables I and II. As discussed above, the validity of the third vacuum stability condition, i.e.
using NLO precision only might be questioned, so we equally present results where this is neglected.
In general, this opens up the parameter space for even smaller mixing angles. We then take the constraints from vacuum stability following λ 1 running as a conservative lower limit. tan β = 0.08 and at sin α < 0. As before, the minimal value of tan β is determined by the scan range.
IV. TRANSLATION TO COLLIDER OBSERVABLES
The parameter space presented in the last subsection translates into two different observables at colliders:
• the generic suppression of the production of the heavy Higgs; this is given by sin 2 α,
• suppression of the SM decay modes of the heavy Higgs. Here, we have to take into account that the additional mode
leading to a further reduction of the SM-like branching ratios.
The total width of the heavy Higgs is then modified to Following the observables tested by the experiments, we therefore consider
with the global SM-scaling factor defined as
In analogy with the above definition, we also introduce a scaling factor κ which parametrizes the
For a better understanding of the effect of the constraints on the (Γ, κ) parameter space, we first investigate the H → h h branching ratio. Figure 8 shows the constraints in this decay width from RGE running to the scale defined by µ run = 2.7 × 10 10 GeV. We see that different regions are excluded, depending on the sign of sin α, where the biggest effects stem from perturbativity of λ 2 . As discussed in Section II, the H → h h squared coupling is approximately even under a sign change of sin α for small tan β values; if tan β increases, it is larger for positive sin α Finally, we remark that, if the limits from RGE are not considered, all other constraints are much less stringent; only the upper limit on tan β from perturbative unitarity cuts out a small region in the large positive sin α/ large Γ and large negative sin α/ low Γ region, similarly to the constraints that we obtain from perturbativity requirements of λ 2 .
We find that the maximally allowed values for κ are roughly (0.04; 0.04; 0.04; 0.03; 0.025) for m H = (600; 700; 800; 900; 1000) GeV. Concerning collider searches, the best prospect is therefore additional channel H → h h. Other allowed values of (κ , Γ) for different Higgs masses at the low (µ run = 2.7 × 10 10 GeV) scale can be obtained from Figure 11 . If, as briefly mentioned in Section III D, we relax the requirements of both perturbative unitarity as well as electroweak symmetry breaking at high scales, this basically opens up the parameter space for smaller positive mixing angles, effectively leading to lower minimal values of κ, Γ. The effects are negligible for the low scale; for the Planck scale, the minimal allowed width is decreased to ∼ 0.5 GeV for nearly all masses considered here. However, as the small mixing range will be hard to detect at colliders, there is no visible impact from this on the above discussion of collider observables. With increasing m H , κ max decreases.
Finally, we discuss the allowed regions in the (κ , κ) plane, when all bounds are taken into account. The ratio of these two quantities is related to branching ratios for both SM-like as well as the BSM hh final states:
where BR H → SM now denotes the sum over all branching ratios leading to a SM-like final state.
A specific branching ratio for a distinct SM-like final state XY for a given heavy Higgs mass m H can then be determined via
where BR SM H → XY (m H ) denotes the branching ratio of a SM-like Higgs with mass m H into the final state X Y . As κ, κ are indeed the parameters which can directly be observed (or constrained) at the LHC, considering the relation between these parameters provides additional useful information. In Figure 12 , we show the results of imposing all bounds in the κ , κ plane. Note that by definition, κ + κ = sin 2 α, which accounts for the hard cutoff visible for m H ≤ 700 GeV. We see that, independent of the Higgs mass, the allowed regions all lie within a relatively narrow strip. Therefore, limits on one of these parameters can constrain the other: for example, limits on κ from searches in the H → h h channel will allow to put bounds on κ. Independent measurements of these two quantities can in contrast serve as a viability check of our model. Results when varying m H , where now all bounds were taken into account. Constraints on one or more of the SM-like branching ratios can directly be translated into bounds on the H → h h branching ratio, and vice versa.
Variation of input parameters
Finally, we comment on how a variation of SM-input parameters affects our results. The running of the SM Higgs coupling is known to be sensitive, especially 18 to the strong coupling α s as well as the top Yukawa coupling y t , so we investigate the robustness of our results under variations of these parameters at the low scale. We here consider α s (m Z ) = 0.1184 ± 0.0007, y t (m t ) = 0.93587 ± 0.002 GeV, m t = 173.1 ± 0.7 GeV, where, following [45] , we combine the above error in the top sector to 19 y t (m t ) = 0.93587 ± 0.006 GeV
For the results presented so far, we have used the central values above. We comment directly on the effects of values for κ, Γ, as these are the observables of main experimental interest.
• lowering (raising) α s , while keeping y t fixed:
in this case, the allowed minimal mixing angle allowed from vacuum stability is marginally increased (decreased). A changed value of α s mainly influences the running of y t , which in turn leads to a faster (slower) descent of λ 1 , mainly affecting limits from the third vaccum stability condition. Changes are however in the % regime. The upper limits of sin α, which constitute the main restrictions in the (Γ, κ) plane, are not affected.
• keeping α s fixed, while raising (lowering) y t :
for a higher (lower) y t , a larger (smaller) region of small mixing angles is excluded, again due to the faster (slower) descent of λ Boson signal strength restricts κ to 0.04 for m H 700 GeV (at the low scale), while for higher masses additional constraints arise from the running of the couplings . Hence, the searches for such a Boson at the 7 /8 TeV with a relatively low luminosity are surely challenging. However, on the upside we found that the total width of the new scalars is usually quite suppressed with respect to SM Higgses of such masses, with widths lying in the 1 − 25 GeV range (they are always 0.02 m H ). In addition, we have introduced a second scaling parameter κ which parametrizes the additional decay H → h h. We found that maximal values of this parameter are in the % range.
In our work, we have neglected additional contributions in the β-functions which might modify the runnings and eventually enhance the parameter space in the tan β 0.2 region stemming from the running of λ 2 . These contributions, which could originate from the hidden sector, would have to be large and negative, cancelling the rapid rising of the couplings which leads to the exclusion of experimentally interesting regions with scaling factors κ being limited by the mixing angle alone.
Scenarios with larger κ values which parametrizes Γ H → h h are equally suppressed by the running of λ 2 . We plan to investigate such options and the corresponding phenomenological implications in future work.
The physically interesting solutions are the ones obtained for v, x > 0:
Since the denominator in equations (A3)-(A4) is always positive (assuming that the potential is well-defined), it follows that the numerators are forced to be positive in order to guarantee a positive-definite non-vanishing solution for v and x.
In order to identify the extrema, we need to evaluate the Hessian matrix:
From this equation, it is straightforward to verify that the solutions are minima if and only if equations (3) are satisfied.
To compute the scalar masses, one must expand the potential in equation (2) around the minima found in equations (A3)-(A4). Then, Eqns. (6), (7) follow immediately.
Appendix B: Perturbative unitarity
In this section we want to briefly explain the techniques that we used in order to obtain bounds from perturbative unitarity, firstly described in detail by [32] . Evaluating the tree-level scattering amplitude of longitudinally polarised vector bosons one finds that the latter grows with the energy of the process, eventually violating unitarity, unless one includes some other (model dependent)
interactions. According to the equivalence theorem, the amplitude of any process with external longitudinal vector bosons V L (V = W ± , Z) can be substituted each one of them with the related Goldstone bosons v = w ± , z [34] for energies much larger than the vector Boson mass.
Given a tree-level scattering amplitude between two spin-0 particles, M (s, θ), where θ is the scattering (polar) angle, we know that the partial wave amplitude with angular momentum J is given by a J = 1 32π 
where P J are Legendre polynomials. It has been proven (see [33] ) that, in order to preserve
The exact analytic solution for this equation is given by
where for t = log However, taking the time dependence of the SM gauge couplings into account, the above solution needs to be modified such that a (t − t 0 ) is replaced by 20 See [50] for an all-analytic solution to the first order RGEs.
